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U VWXYZ[\]X^ZW
_`ab cdef ab g dhaijhkl mn ekokph ekbkjeo` ap q`dhdpao mjpl rjq lkiaokb s t`dhdpao mjpl rjq
ekukeb hd h`k kv abhkpok du uekwxkpon mjplb ap c`ao` pd yar`h ojp qedqjrjhk s _`ab kz koh ojp m k
ekjya{kl ap jp ap|pahk g klaxg c`dbk lakykoheao odpbhjph ab bqjhajyyn q keadlao }~� � ��� s � `kp
j lkukoh ab aphedlxokl aphd bxo` j g klaxg � ah ab q dbbam yk hd oekjhk bhjplapr cjikb c`ao` jek
yd ojya{kl pkje h`k lkukoh }� � �~� s � lkukoh g dlk ojp m k kvqydahkl ap laz kekph jqqyaojhadpb s

�dbbykbb lkukoh g dlkb kvabh dpyn ap h`kden bapok g klaxg du ap|pahk kvhkphb ab jp alkjya{j�
hadp s � `kp j q`dhdpao mjpl rjq g klaxg ab |pahk � cjikb ojp kbojq k uedg h`k bhexohxek hd
h`k bxeedxplapr g klaxg s �phkekbhapryn� dpk ab bhayy jm yk hd oekjhk |kylb c`ao` jek yd ojya{kl s
�dckike � lxk hd h`k ydbbkb hd ejlajhadp � apbhkjl du j bhjplapr cjik du odpbhjph jgqyahxlk �
dpk ab ykuh c ah` j bhjplapr cjik c`dbk jgqyahxlk lkojnb ap hag k s �xo` j bdyxhadp hd h`k
hag k�lkq kplkph cjik kwxjhadp ab ojyykl j ���������s

� kbdpjpok ojyoxyjhadpb ude h`k cjik kwxjhadp apidyik |plapr j bdyxhadp c`dbk m k`jiade
ab pdh q`nbaojy mxh jqqedv ag jhkb ckyy h`k hag k lkq kplkph pjhxek du h`k ekbdpjpok q`kpdg �
kpdp }�� � ��� s �dpbalke h`k apahajy ijyxk qedmykg ude h`k ��� hag k�lkq kplkph �o`e�laprke �b
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kwxjhadp
utt = uxx − V (x)u, −∞ < x <∞,

jpl apahajy odplahadpb
u(x, 0) = u0, ut(x, 0) = u1.�k jbbxg k h`jh h`k q dhkphajy bjhab|kb

V (x) = 0
ude |x| ≥ x0

� jpl h`jh
V (x)

`jb j ckyy jh
h`k dearap s _`kp kpkern c ayy m k hejqq kl mn h`k ckyy � mxh m kojxbk h`k ckyy `jb |pahk cjyy
h` aofpkbb � kpkern hxppkyb dxh du h`k ckyy jpl ejlajhkb hd ap|pahns _`kekudek � h`k bnbhkg ydbkb
kpkerns

_d bdyik h`ab qedmykg � dpk ekojbhb h`k qedmykg ap |pahk ldg jap jpl jqqyn ejlajhadp
m dxpljen odplahadpb

utt = uxx − V (x)u, |x| < x0,

ux − ut = 0, x = −x0,

ux + ut = 0, x = x0.

�k bkkf j bdyxhadp du h`k udeg
u(x, t) = ϕ(x)e−iωt � c`ao` ykjlb xb hd odpbalke

−ϕ′′ + V (x)ϕ = ω2ϕ, |x| < x0,

ϕ′ + iωϕ = 0, x = −x0,

ϕ′ − iωϕ = 0, x = x0.

�dyxhadpb hd h`ab qedmykg jek udxpl ude j odxphjmyk pxgmke du odgqykv
ω
� lkpdhkl `kek mn

{ωn}
� c ah` h`k udyydc apr qedq kehn }���

ωn = iαn − βn,
c`kek

αn < 0.

_`k delkeapr ab
αn+1 ≤ αn

s _`k karkpuxpohadpb � jek ekukeekl hd jb �wxjba pdeg jy g dlkb ��
c`ayk h`kae karkpijyxkb jek ojyykl ekbdpjpokb s �dhk h`jh

ϕn(x)
redc b kvq dpkphajyyn

ϕn(x) ∼ e−αn|x|,

bd h`kn jek pdp�q`nbaojy s � kike�h`k�ykbb � ck `jik h`k udyydc apr kbhag jhk }��� s �`ddbk
t0
�
a
�

b
� jpl

ε
s _`kp h`kek kv abh j odpbhjph

C
lkq kplapr dp

t0
�
a
�
b
� jpl

ε
bxo` h`jh

∣

∣

∣

∣

∣

u(x, t)−
N

∑

n=1

Ane(αn+iβn)tϕn(x)

∣

∣

∣

∣

∣

≤ Ce(−|αN+1|+ε)t,

`dylb ude kiken
t > t0

� jpl
a < x < b

s _`ab g kjpb h`jh juhke bdg k hag k � h`k bdyxhadp ab
ckyy lkboeam kl mn j bxq keq dbahadp du �pdp�q`nbaojy� gdlkb h`jh dboayyjhk jh uekwxkpon

βn

lak
jcjn kvq dpkphajyyn ap hag k jh h`k ejhk du

αn
s �p qjehaoxyje � au ck `jik jp karkpijyxk

ωn
bxo`

h`jh |αn|
ab iken bg jyy � h`k bdyxhadp m k`jikb yafk j ljgqkl bhjplapr cjik juhke yjerk hag kb s

�k pdhk jpdh`ke cjn hd o`jejohkea{k h`kbk wxjba�pdeg jy g dlkb ab mn yddfapr jh h`k
bq kohejy qedm ykg

−ϕ′′ + V (x)ϕ = ω2ϕ, x ∈ R,
cah`

V (x)
jb qekiadxbyn lkboeam kl s �de jpn ekjy

ω
� ck ojp ceahk hcd yapkjeyn aplkq kplkph

bdyxhadpb hd h`k lazkekphajy kwxjhadp s �k ojp ap ujoh c eahk h`k � ekkp �b uxpohadp jb qedlxohb

~



du h`kbk bdyxhadpb lai alkl mn h`k �edpbfajp ap h`k xbxjy cjns _`k ekbdpjpok odeekbq dplb
hd ijyxkb du

ω
ude c`ao` h`k �edpbfajp ijpab`kb s _`ab `jqq kpb c`kp ck odphapxk h`k

�edpbfajp aphd h`k odgqykv qyjpk s _`k wxjba�pdeg jy g dlk ojp m k alkpha|kl jb dpk du h`k
bdyxhadpb �c`ao` jek yapkjeyn lkq kplkph� du h`k laz kekphajy kwxjhadp jh h`ab ijyxk du

ω
s

_`k bxm � koh du h` ab qjq ke ab hd oekjhk j g klaxg c`ao` ab k� oakph jh hejqqapr cjikb � a sk s�
j rddl ekbdpjhde s _`jh ab � ck bkkf j g klaxg c`ao` `jb j ekbdpjpok

ωn = iαn − βn
cah`

iken bg jyy |αn|
s _d raik j g kjbxek du h`k lkojn� ck xbk h`k pdhadp du wxjyahn ujohde

Q
s �h

ab lk|pkl jb h`k ejhad m khckkp hdhjy kpkern bhdekl jpl h`k kpkern labbaqjhkl q ke onoyk s �k
ojp xplkebhjpl h`ab odpokqh mn bhxlnapr j ljgqkl g jbb�bqeapr bnbhkg � c`dbk g dhadp

x(t)ab rdikepkl mn }�� �
d2x

dt2
+ 2γ

dx

dt
+ ω2

0x = 0,
���

c`kek
γ > 0

jpl
ω0

ab h`k pjhxejy uekwxkpons _`k rkpkejy bdyxhadp du h`ab bkodpl�delke
delapjen kwxjhadp ude bg jyy ljgqapr � γ

ω0
� 1

� ab

x(t) = Ae−γt cos(ω1t + δ),

c`kek
ω1 =

√

ω2
0 − γ2

ab h`k ljgqkl uekwxkpon jpl
δ
ab h`k q`jbk b`auh s _`k odpbhjphb

Ajpl
δ
jek xpawxkyn lkhkeg apkl mn h`k apahajy odplahadpb s �apok h`k hdhjy kpkern

E(t) =
1

2

[

dx(t)

dt

]2

+
1

2
ω2

0[x(t)]2,

jpl h`k q keadl ab
T = 2π/ω1

� ck kjbayn |pl h`jh

E(T ) = E(0)e−2γt.

_`k wxjyahn ujohde

Q = 2π

_dhjy kpkern bhdekl jh m krappapr du h`k onoyk
|�pkern ydbh lxeapr j onoyk|

∼= 2π
E(0)

E(0)− E(T )
= 2π

1

1− e
−2γ 2π

ω1

∼= ω1

2γ
.

_`k aplkq kplkph bdyxhadpb du ��� jek du h`k udeg
eiωt c`kek

ω = ±ω1 + iγ
s _`kekudek jp

jyhkepjhk aphkeqekhjhadp ude
Q

ab

Q ∼= 1

2

∣

∣

∣

∣

�kjy qjeh du
ω�g jrapjen qjeh du

ω

∣

∣

∣

∣

.
�~�

_`ab bagqyk lkeaijhadp ayyxbhejhkb `dc ck odgqxhk h`k wxjyahn ujohde ude j ljgqkl g jbb�
bqeapr bnbhkg s _`k kpkern ydbb `kek ab lxk hd h`k g ko`jpaojy ljgqapr c`ao` b`dc b xq ap
h`k ag jrapjen qjeh du

ω
s �u h`kek ab yahhyk ljgqapr � a sk s

γ
ab bg jyy �

Q
ab ` ar` s

�de h`k cjik kwxjhadp � h`k wxjyahn du j ekbdpjhde
Q

ojp m k lk|pkl ap kvjohyn h`k bjg k
g jppke jb h`jh ude h`k ljgqkl dboayyjhde s _`jh ab � au h`k g klaxg qdbbkbbkb wxjba�pdeg jy
g dlkb � kjo` du h`kbk g dlkb `jb j wxjyahn ujohde

Q
c`ao` ab dpk `jyu h`k ekjy qjeh du h`k

odgqykv karkp uekwxkpon laialkl mn h`k ag jrapjen qjeh s �p h`ab qjq ke � ck jek aphkekbhkl
ap lkbarpapr j g klaxg � h`jh ab � j labheamxhadp du h`k g jhkeajy qedq kehakb ap h`jh g klaxg ap

�



delke hd jo`akik j `ar` wxjyahn ude j qjehaoxyje g dlk s �k lkiabk j rejlakph jbokph g kh`dl ude
h`k qedoklxek mn bhjehapr uedg jp apahajy g klaxg s _`k g klaxg ab h`kp o`jprkl ahkejhaikyn�
kjo` hag k agqediapr h`k wxjyahn ujohde du j g dlk s � jo` ahkejhadp apidyikb odgqxhjhadp du
h`k wxjyahn ujohde jpl ahb rejlakph c ah` ekbq koh hd h`k g klaxg s _`kbk apidyik bdyxhadp du
j pdpyapkje karkpijyxk qedmykg � c`ao` odxyl m k wxahk yjerk lkq kplapr dp h`k ba{k du h`k
g klaxg jpl h`k cjikykprh` du h`k karkpuxpohadp s �p �kohadp ~ � ck lkoeam k j cjn hd |pl
h`k wxjba pdeg jy g dlkb jpl ekbdpjpokb s �k b`dc `dc hd ojyoxyjhk h`k rejlakph du h`k
wxjyahn

Q
cah` ekbq koh hd h`k g jhkeajy qedq kehn ap �kohadp � s _`k rejlakph jyydc b xb hd

udegxyjhk jp jyrdeah`g ude g jvag a{apr
Q
� c`ao` ck lkboeam k ap �kohadp � s �p �kohadp � �

ck raik pxg keaojy bagxyjhadpb hd ayyxbhejhk dxe jqqedjo` s _`k qjq ke kplb c ah` j laboxbbadp
bkohadp s �p jqq kplav odphjapb j laboxbbadp du h`k dpk�lag kpbadpjy qedmykg c`ao` kv`amahb
bq koajy ukjhxekb s

� ���ZW�W]� ]��]\ ��X^ZW � ^� ^WX��Y�� �	\�X^ZW
_`k g kh`dl ck lkboeam k m kydc ojp m k jqqyakl hd ekbdpjpok qedmykg b ap jpn lag kpbadp � jpl
ude 
 jvckyy �b kwxjhadpb s �dckike � ck c ayy ud oxb h`k laboxbbadp hd j hcd�lag kpbadpjy bojyje
cjik qedmykg s �dpbalke �kyg`dyh{ �b kwxjhadp

∆u + ω2(1 + ρ(x))u = 0, x ∈ R
2.

���
_`k g klaxg � c`ao` ab ap`dg drkpkdxb � ab o`jejohkea{kl mn h`k uxpohadp

ρ(x)
� c` ao` ck

jbbxg k hd bjhabun
0 ≤ ρ(x) ≤ ρ+

s _`jh ab � ck jbbxg k h`jh h`k g jhkeajy c ah` c`ao` ck
odpbhexoh `jb aplkv du ekuejohadp rekjhke h`jp h`jh du jae s 
 dekdike �

ρ(x)
ab bxqq dehkl

apbalk j m dxplkl ekradp
Ω
s �h ojp m k bkkp h`jh

ρ
ab h`k bwxjek du h`k aplkv du ekuejohadp s

_`edxr`dxh h`ab qjq ke � ck g jn ekuke hd
ρ
jb h`k aplkv s

_`k |kyl
u

bjhab|kb h`k �dggkeukyl ejlajhadp m dxpljen odplahadp

lim
r→∞

√
r

(

∂u

∂r
− iωu

)

= 0.
�� �

�apok �� � ab pdh j yd ojy m dxpljen odplahadp � ��� cah` h`ab m dxpljen odplahadp ab pdh j bhjp�
ljel m dxpljen ijyxk qedmykg s �pk ojp ekqyjok h`k ejlajhadp odplahadp c ah` jp jqqedvag jhk
jmbdemapr m dxpljen odplahadp bxo` jb h`k �prwxabh�
 j�lj }�� m dxpljen odplahadp � h`k q ke�
ukohyn g jho`kl yjnke �t
 � � }�� � de j hexpojhkl � aeao`ykh�hd�� kxg jpp bkeakb }� s �qqynapr
jpn du h`kbk odplahadpb c ah` ��� hxepb h`k qedmykg aphd j m dxpljen ijyxk qedmykg uedg
c`ao` h`k wxjba�pdeg jy g dlkb ojp m k lkhkeg apkl s � kek ck o`ddbk jp jyhkepjhk jqqedjo` s

_`k � ekkp �b uxpohadp ude h`k bojyje cjik kwxjhadp ap j `dg drkpkdxb ap|pahk g klaxg
bjhab|kb

∆G + ω2G = δ(x− y).
�p hcd lag kpbadpb � ck `jik

G(ω, x) = − i

4
H1

0 (ω|x|),
c`kek

H1
0

ab h`k �jpfky uxpohadp du h`k |ebh fapl s �h ab oykje h`jh
G(ω, x)

bjhab|kb h`k
�dggkeukyl ejlajhadp odplahadp s �k ojp pdc ekceahk h`k bdyxhadp hd ���� �� � ap aphkrejy udeg

u(x) + ω2

∫

Ω
G(ω, x− y)ρ(y)u(y)dy = 0.

���

�



_d |pl h`k wxjba�pdeg jy g dlkb � ck bkkf ijyxkb du
ω

ap ��� h`jh nakyl pdpheai ajy bdyxhadpb
u(x)

s _`ab qedmykg ojp m k bkkp jb j pdpyapkje karkpijyxk qedmykg bapok h`k �karkpijyxk �
ωjqq kjeb pdh dpyn jb j gxyhaq yake mxh jybd ap h`k fkepky

G(ω, ·) s �pk ojp jybd bkk h`jh h`k
karkpijyxk gxbh m k odgqykv mn gxyhaq yn apr h`k kwxjhadp c ah` odgqykv odp�xrjhk du

u(x)jpl aphkrejhapr dike
Ω
s �k c ayy jybd `jik xbk ude h`k ykuh wxjba�pdeg jy g dlk lk|pkl mn h`k

kwxjhadp
v(x) + ω2ρ(x)

∫

Ω
G(ω, x− y)v(y)dy = 0.

���

� kvh � ck c ayy laboekha{k h`k kwxjhadpb s
�p delke hd odgqxhk h`k odpidyxhadp ap h`k aphkrejy hkeg k� oakphyn� ck xbk h`k �jbh

�dxeake _ejpbudeg ���_ � s �apok h`k aphkrejy hkeg `jb ckjf baprxyjeahn� j odeekohkl hejq k�
{daljy wxjlejhxek exyk � lkboeam kl m kydc � c ayy m k xbkl hd hjfk h`ab aphd joodxph s _`k ldg jap
Ω = [0, 2π]2

ab laboekha{kl c ah` kwxjy bqjokl q daphb
(xp, xq)

cah`
p, q = 0, 1, 2, ..., N

�
xj = hjjpl

h = 2π/N.�k|pk h`k dq kejhde
A(ω)

jb

A(ω)u = u(x) + ω2

∫

Ω
G(ω, x− y)ρ(y)u(y)dy,

���

jpl ahb jl� daph dq kejhde
A∗(ω)

ab

A∗(ω)v = v(x) + ω2ρ(x)

∫

Ω
G(ω, x− y)v(y)dy.

��

_`k � ekkp �b uxpohadp
G(ω, x)

`jb j ydrjeah`g ao baprxyjeahn jh
x = 0

Gω(x) ∼ 1

2π
lnx +

1

2π
(ln

ω

2
+ 0.5772156649015328606)− i

4
.

_`xb � bq koajy ojek gxbh m k hjfkp c`kp jqqynapr j wxjlejhxek exyk hd kijyxjhk h`k aphkrejyb
jm dik s

_`k laboekhk jqqedvag jhadpb du
A(ω)

jpl
A∗(ω)

ap ��� jpl �� mn h`k hejq k{daljy exyk
jek

[Ah(ω)u]p,q = u(xp, xq) + ω2h2
N−1
∑

r,s=0

g(ω)p−r,q−sρ(xr, xs)u(xr, xs),
���

jpl

[A∗
h(ω)v]p,q = v(xp, xq) + ω2h2ρ(xp, xq)

N−1
∑

r,s=0

g(ω)p−r,q−sv(xr, xs).
����

_`k uxpohadp
g(ω)p,q

ap ���� ���� jek bjgqykb du h`k � ekkp �b uxpohadp c`kp ah ab ekrxyje � jpl
odeekohkl ikebadpb hd hjfk aphd joodxph h`k ckjf baprxyjeahn c`kp

p = q = 0
s _`k odeekohadp

ab lkiabkl hd dmhjap
O(h4)

jooxejon ap h`k aphkrejhadp c`kp h`k uxpohadp aphkrejhkl jrjapbh
G(ω, x− y)

ab bg ddh` }� � ~� s _`k uxpohadp
g(ω)p,q

ab raikp mn

g(ω)p,q =

{

− i
4 + 1

2π
(ln(hω/2) + γ + c1)

au
(p, q) = (0, 0)

− i
4H1

0 (ω
√

x2
p + x2

q)
au

p2 + q2 > 0
,

cah`
γ = 0.5772156649015328606

jpl
c1 = −1.2133459579012365

s

�



� aikp
ρ(x)

� ck `jik j pdpyapkje karkpijyxk qedmykg

Ah(ω)u = 0,
����

hd bdyik ude karkpijyxkb
ω

jpl karkpuxpohadpb
u
s � oyjbbaojy g kh`dl ude bdyi apr h`k pdpyapkje

karkpijyxk qedmykg ab h`k apikebk ahkejhadp s �h jg dxphb hd jqqynapr � kchdp �b g kh`dl hd
bdyik j bnbhkg du pdpyapkje kwxjhadpb }��� s

_`k apikebk ahkejhadp |plb dpk karkpijyxk bhjehapr c ah` jp apahajy rxkbb ude h`k karkp�
uxpohadp s �k c ayy pkkl h`k lkeaijhaik du h`k dq kejhdeb

Ah(ω)
jpl

A∗
h(ω)

cah` ekbq koh hd
ω
�

c`ao` ck lkpdhk mn
A′

h(ω)
jpl

A∗
h
′(ω)

s �k ojp bdyik ude m dh` h`k ykuh jpl ear`h karkpikohdeb
bagxyhjpkdxbyns _`k ahkejhaik qedokbb ab jb udyydc b s �de

s = 0, 1, 2, · · · �
�s �dyik ude

ũ
(s+1)
h

jpl
ṽ

(s+1)
h

ap

Ah(ω(s))ũ
(s+1)
h = A′

h(ω(s))u
(s)
h ,

A∗
h(ω(s))ṽ

(s+1)
h = A∗

h
′(ω(s))v

(s)
h .

~ s �qljhk h`k karkpijyxk joodelapr hd

ω(s+1) = ω(s) − (ṽ
(s+1)
h )T Ah(ω(s))ũ

(s+1)
h

(ṽ
(s+1)
h )T A′

h(ω(s))ũ
(s+1)
h

.

� s �deg jya{k joodelapr hd

u
(s+1)
h =

ũ
(s+1)
h

‖ũ(s+1)
h ‖

, v
(s+1)
h =

ṽ
(s+1)
h

‖ṽ(s+1)
h ‖

.

�k pkkl hd dmhjap j rddl apahajy rxkbb ude h`k apikebk ahkejhadpb s _d ld h`ab ck bhjeh mn
o`ddbapr j uekwxkpon

ω0
c`ao` ab oydbk hd h`k lkbaekl uekwxkpon du h`k wxjba�pdeg jy g dlk s

_`kp ck bdyik h`k yapkje karkpijyxk qedmykg

−h2
N−1
∑

r,s=0

g(ω0)p−r,q−sρ(xp, xq)u(xp, xq) =
1

ω2
u(xp, xq),

ude karkpqjaeb
(ω, u)

s �k h`kp qaof h`k karkpikohdeb
u

c`dbk karkpijyxk ab oydbkbh hd
ω0

jpl
bkh h`ab jb h`k apahajy rxkbb ude

u(0) s �kh xb lkpdhk h`ab karkpijyxk mn
ω∗

0

s _`k apahajy rxkbb
ude h`k ear`h karkpikohde

v(0) ab dmhjapkl mn bdyi apr h`k yapkje bnbhkg

0 = v(xp, xq) + (ω∗
0)

2h2ρ(xp, xq)

N−1
∑

r,s=0

g(ω0)p−r,q−sv(xr, xs).

_`kek ab jmbdyxhkyn pd rxjejphkk h`jh h`k apikebk ahkejhadpb c ayy n akyl jp karkpijyxk oydbk hd
ω0

� jyh`dxr` ck ld dmbkeik h`ab ap dxe odgqxhjhadpb s
�k pdhk h`jh ck ld pdh pkkl hd kvqyaoahyn kijyxjhk h`k g jheaokb odeekbq dplapr hd

Ah(ω)jpl
A∗

h(ω)
s �pbhkjl � ck xbk h`k ��_ hd kijyxjhk h`kae johadp du raikp ikohdeb h`edxr` ����

���� s _`ab ujoh ykjlb xb hd xbk rkpkejya{kl g apag jy ekbalxjy ��
���� }�� hd bdyik h`k yapkje
bnbhkg b apidyikl ap �hkq � du h`k apikebk ahkejhadpb s

�



�p h`k apikebk ahkejhadp � ck pkkl hd odgqxhk h`k lkeaijhaik du
A(ω)

cah` ekbq koh hd
ω
s

�k xbk h`k lk|pahadp du h`k dq kejhde ap ��� jpl lazkekphajhk m dh` balkb hd dmhjap

∂A(ω)u

∂ω
= 2ω

∫

G(ω, x− y)ρ(y)u(y)dy + ω2

∫

Gω(ω, x− y)ρ(y)u(y)dy.

�kek
Gω(ω, x) = i

4H1
1 (ω|x|)|x| s �k pdhk h`jh

Gω(ω, 0) =
1

2πω
,

c`ao` ab pdh baprxyje s _`kekudek ck ojp xbk h`k ��_ jpl ekrxyje hejq k{dlajy exyk hd odgqxhk
h`k bkodpl aphkrejy hkeg s �k `jik

[A′
h(ω)u]p,q = 2ωh2

N−1
∑

r,s=0

g(ω)p−r,q−sρ(xr, xs)u(xr, xs)
��~�

+ω2h2
N−1
∑

r,s=0

g′(ω)p−r,q−sρ(xr, xs)u(xr, xs),

c`kek

g′(ω)p,q =

{

1
2πω

au
(p, q) = (0, 0)

i
4H1

1 (ω
√

x2
p + x2

q)
√

x2
p + x2

q

au
p2 + q2 > 0

.

� bag ayje kvqekbbadp ab lkeaikl ude
A∗

h
′(ω)

s �k pdc `jik jyy h`k apreklakphb pkklkl hd q keudeg
h`k apikebk ahkejhadpb hd ojyoxyjhk j wxjba�pdeg jy g dlk raikp j g klaxg � lkboeam kl mn

ρ(x)
s

�k pdhk h`jh h`k ojyoxyjhadp ojp qedokkl ap j bag ayje cjn ap h`ekk lag kpbadpb s _`k
ojyoxyjhadp ab j yahhyk g dek apidyikl au dpk ab hd odpbalke 
 jvckyy �b kwxjhadp s �de h`k ���
qedmykg � kvjoh jmbdemapr m dxpljen odplahadpb jek yd ojy s �k |pl h`jh h`k wxjba�pdeg jy
g dlk ojyoxyjhadp ap h`ab ojbk jg dxphb hd j wxjlejhao karkpijyxk qedmykg s �k laboxbb h`ab
ap lkhjay ap h`k �qq kplav s

� ����]XZY � �� ^� ^��X^ZW
_`k qedoklxek mn c`ao` h`k � �ujohde ab dqhag a{kl ab jb udyydc b s �k bhjeh c ah` j g klaxg
ρ(x)

jpl ojyoxyjhk j wxjba�pdeg jy g dlk jbbdoajhkl c ah` h`k g klaxg s _`kp ck qedokkl mn
o`jprapr

ρ(x)
ap delke hd apoekjbk h`k � �ujohde jbbdoajhkl c ah` h`jh wxjba�pdeg jy g dlk s _`k

g klaxg ab jbbxg kl hd bjhabun
0 ≤ ρ(x) ≤ ρ+

s �k pdhk h`jh h`ab ab pdh j eardedxb dqhag a{jhadp
mxh ejh`ke ah ab j odphapxjhadp g kh`dl s _`k la� oxyhn ap q dbapr j g jh`kg jhaojyyn odeekoh
dqhag a{jhadp qedmykg jbbdoajhkl c ah` karkpikohde dqhag a{jhadp `jb m kkp q daphkl dxh ap }�� s
�plkkl h`k odgqxhjhadpjy g kh`dl lkboeam kl `kek ab ujb`adpkl juhke h`jh lkboeam kl ap }�� s

�p delke hd lkiabk j g jvag a{jhadp g kh`dl � ck pkkl hd ojyoxyjhk h`k rejlakph du h`k � �
ujohde c ah` ekbq koh hd h`k g klaxg

ρ(x)
s _`k mjbao g kh`dl hd ld h`ab ab j q kehxemjhadpjy

ojyoxyxb s �dpbalke h`k pdpyapkje karkpijyxk qedmykg ���� apidyikl ap |plapr j wxjba�pdeg jy
g dlk

Ah(ω, ρ)u = 0.
�k `jik kvqyaoahyn lkpdhkl h`k lkq kplkpok du h`k dq kejhde

Ah

dp
ω

jpl
ρ
� ahb lkq kplkpok

ab lkboeam kl ap ��� s �xqqdbk h`k qjae
(ω, u)

bjhabun h`k jm dik pdpyapkje kwxjhadp s � kvh ck

�



aphedlxok j bg jyy q kehxemjhadp hd h`k g klaxg
δρ

s � `jh ck cjph hd fpdc ab `dc
ω

jpl
uo`jprk xplke h`ab q kehxemjhadp s

�k ojp udeg jyyn ceahk h`k udyydc apr

Ah(ω + δω, ρ + δρ)(u + δu) = 0.

�vqjplapr jpl fkkqapr dp yn |ebh delke hkeg b ap h`k kvqjpbadp ck rkh
[

Ah(ω, ρ) + A′
h(ω, ρ)δω + δAh(ω)

]

(u + δu) ≈ 0.
����

�kek ck lkpdhk mn
δAh(ω)

h`k o`jprk ap h`k g jheav
Ah(ω, ρ)

ojxbkl mn h`k q kehxemjhadp
δρ

s �qdp uxeh`ke kvqjpbadp � jpl jrjap fkkqapr dpyn |ebh delke hkeg b � ck dmhjap

A(ω, ρ)δu + δωA′
h(ω, ρ)u + δAh(ω)u = 0.

�kh
v
m k h`k ykuh karkpikohde bjhabun apr

A∗
h(ω, ρ)v = 0,

de
vT Ah(ω, ρ) = 0.

�kk ���� ude h`k lk|pahadp du h`k jl� daph dq kejhde s _`kp � 
 xyhaq ynapr ���� mn
vT jpl

ekjeejprapr � ck rkh
δω = − vT δAh(ω)u

vT A′
h(ω, ρ)u

.
��� �

_`ab kwxjhadp b`dc b `dc j pdpyapkje karkpijyxk o`jprkb c`kp h`k g jheav ab q kehxem kl s _`ab
q kehxemjhadpjy qedmykg `jb m kkp bhxlakl ap }�� s

�xe aphkekbh ab ap h`k � �ujohde s � kojyy uedg �~� h`k lk|pahadp du
Q
� c`ao` ck ekceahk jb

Q = − i(ω + ω)

2(ω − ω)
.

�u h`k karkpijyxk ab q kehxem kl mn
δω

� h`k � �ujohde q kehxemjhadp ab

δQ = i
(ωδω − ωδω)

(ω − ω)2
.

����

�jiapr dmhjapkl h`k kvqekbbadp ude `dc
Q

o`jprkb jb h`k g jhkeajy
ρ
ab q kehxem kl mn

δρ
� ck

ojp qedokkl hd dmhjap j udegxyj ude h`k rejlakph du
Q

cah` ekbq koh hd
ρ
s

�k pdhk h`jh uedg ��� ck ojp ojyoxyjhk

[δAh(ω)u]p,q = ω2h2
N−1
∑

r,s=0

g(ω)p−r,q−sδρ(xr, xs)u(xr, xs).

�k ojp pdc |yy ap h`k udegxyj ude
δω

ap ��� � s �kh

B = vT A′
h(ω, ρ)u

= 2ω2h2
N−1
∑

p,q=0

N−1
∑

r,s=0

g(ω)p−r,q−sρ(xr, xs)u(xr, xs)v(xp, xq)

+ω2h2
N−1
∑

p,q=0

N−1
∑

r,s=0

g′(ω)p−r,q−sρ(xr, xs)u(xr, xs)v(xp, xq).





_`k ijyxk du
B

ab fpdcp jb bddp jb ck `jik udxpl h`k ear`h jpl ykuh karkpikohdeb
u

jpl
v
s

_`k udegxyj ude
δω

ab

δω =
1

B
ω2h2

N−1
∑

p,q=0

N−1
∑

r,s=0

g(ω)p−r,q−sδρ(xr, xs)u(xr, xs)v(xp, xq).
����

_`xb � raikp
δρ

� dpk ojp kjbayn ojyoxyjhk
δω

uedg ���� s �kh xb lk|pk

Kr,s =
1

B
ω2h2

N−1
∑

p,q=0

g(ω)p−r,q−su(xr, xs)v(xp, xq),
����

bd h`jh ck ojp ceahk

δω =
N−1
∑

r,s=0

Kr,sδρ(xr, xs).

�kh xb ekceahk
δQ

ap ���� jb

δQ =
−i

4(
�g

ω)2
(

ωδω − ωδω
)

.

�dgmapapr h`ab c ah` h`k yjbh kvqekbbadp ude
δω

ykjlb hd

δQ =
−i

4(
�g

ω)2

N−1
∑

r,s=0

[

ωKr,s − ωKr,s

]

δρ(xr, xs).

�edg h`ab kvqekbbadp � ck g jfk h`k alkpha|ojhadp h`jh h`k udeg jy rejlakph du
Q

cah` ekbq koh
hd h`k g klaxg ab

[
rejl

Q]r,s =
−i

4(
�g

ω)2
[

ωKr,s − ωKr,s

]

,
���

c`kek
Kr,s

ab raikp ap ���� s �k pdhk h`jh h`k hkeg b dp h`k ear`h�`jpl balk qedlxok j ekjy
pxgmke bapok

[ωKr,s − ωKr,s]
ab ag jrapjens

�k ojp pdc lkiabk j bagqyk bhkkq kbh jbokph jyrdeah`g hd apoekjbk
Q �

�s �krap c ah` j g klaxg
ρ
s

~ s � apl j wxjba�pdeg jy g dlk
u

jpl h`k ykuh karkpikohde
v
s

� s �jyoxyjhk wxjyahn ujohde
Q

jpl ahb rejlakph rejl
Q
s

� s �qljhk
ρ← ρ + τ

rejl
Q
s

� s ted� koh ojplaljhk
ρ
bd h`jh ah ujyyb ap h`k aphkeijy

[0, ρ+]
s

� s � khxep hd bhkq ~ s
� b ck ahkejhk � ck pdhk h`jh pdh dpyn h`k g klaxg

ρ
o`jprkb � h`k ekbdpjpok uekwxkpon

ω
jpl

h`k wxjba�pdeg jy g dlk jybd o`jprkb s �u ck hjfk
τ

bx� oakphyn bg jyy � ck b`dxyl m k jmyk hd
hejof h`k bjg k ekbdpjpok h`edxr` h`k ahkejhadpb � jpl h`jh

Q
cayy m k apoekjbkl jh kjo` bhkq s

�
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� arxek �
�
�p h`k ykuh ab h`k ap ahajy aplkv qed| yk jpl h`k jmbdyxhk ijyxk bwxjekl du j wxjba�

pdeg jy g dlk c ah` karkpijyxk
ω = 2.0209−0.0605i

s _`ab g dlk ab dqhag a{kl ude yjerk
Q
s _`k

g jvag a{kl qed| yk ab b`dcp dp h`k ear`h s �h q dbbkbbkb j wxjba�pdeg jy g dlk c ah` karkpijyxk
ω = 2.0215−7.2877×10−5i

� h`k jmbdyxhk ijyxk bwxjekl du h`k wxjba�pdeg jy g dlk ab b`dcp s

� �\� �Y^]�� ����� ���

�k mkrap c ah` ��� ojyoxyjhadpb s �de bagqyaoahn� ck bkkf wxjba�pdeg jy g dlkb c`ao` jek
bnggkheao jm dxh

x = 0
s _`k aphkrejy kwxjhadp ab � o su s ���

u(x) + ω2

∫ L

0
G(ω, x, y)ρ(y)u(y)dy = 0.

�k bkkf
ω

bxo` h`jh h`k jm dik nakylb j pdpheai ajy bdyxhadp bjhabunapr
u(0) = 0

s _`k aplkv
ρ(x)

ab bxqq dehkl ap h`k aphkeijy
[0, L]

s _`k � ekkp �b uxpohadp ab bagqyn

G(ω, x, y) =

{

− i
2ω

(

eiωy + e−iωy
)

eiωx x > y > 0
− i

2ω

(

eiωx + e−iωx
)

eiωy 0 < x < y
.

�yhkepjhaikyn� ck odxyl xbk h`k udegxyjhadp qekbkphkl ap h`k �qq kplav jpl bdyik ude h`k
karkpg dlkb du j pdp�bkyu�jl�daph hcd�q daph m dxpljen ijyxk qedmykg s

�p kjo` du h`k kvq keag kph � ck hjfk
L = 2π

jpl bhjeh c ah`
ρ = 2

s �k jybd ekwxaek
0 ≤ ρ(x) ≤ 4

s � wxjba�pdeg jy g dlk pkje j raikp uekwxkpon ab ojyoxyjhkl s �p � arxek �
�ykuh� � ck b`dc qydhb du

ρ(x)
jpl h`k jmbdyxhk ijyxk bwxjekl du j wxjba�pdeg jy g dlk � |u(x)|2 �c`dbk karkpijyxk ab

ω = 2.0209− 0.0605i
s _`k g dlk ojp m k aphkeqekhkl jb j ekbdpjpok c ah`

uekwxkpon
2.0209

jpl lkojn ejhk du
0.0605

s �k ekg apl h`k ekjlke h`jh h`ab ab j wxjba�pdeg jy
g dlk � c`ao` ab pdh q`nbaojy s _`ab ujoh ojp m k bkkp mn h`k redch` du h`k g dlk jgqyahxlk jb
x

apoekjbkb s
�k jqqyn h`k g jvag a{jhadp jyrdeah`g lkboeam kl ap �kohadp � s _`k aplkv qed| yk b`dcp

ap � arxek � �ear`h� ab h`k ekbxyh du h`k g jvag a{jhadp � jpl b`dcp m kydc ah ab h`k wxjba�pdeg jy
g dlk jgqyahxlk bwxjekl s _`k uekwxkpon du h`ab ekbdpjpok `jb b`auhkl byar`hyn hd

2.0215c`ayk h`k lkojn ejhk `jb m kkp eklxokl hd
7.2877× 10−5 s � dhaok h`jh h`k ekbxyhapr g klaxg

odpbabhb du j q keadlao bhexohxek c ah` j �lkukoh � pkje
x = 0

s _`k wxjyahn ujohde jbbdoajhkl
c ah` h`ab ekbdpjpok ab

Q = 1.3870× 104 s�p h`k bkodpl kvjgqyk � ck yddf ude j ekbdpjpok c ah` j `ar`ke uekwxkpons _`k g klaxg
b`dcp ap � arxek ~ �ykuh� bxqqdehb j ekbdpjpok c ah` uekwxkpon

2.8872
jpl lkojn ejhk

0.0605
s

��
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� arxek ~
�
�p h`k ykuh ab h`k ap ahajy aplkv qed| yk jpl h`k jmbdyxhk ijyxk bwxjekl du j wxjba�

pdeg jy g dlk c ah` karkpijyxk
ω = 2.8872− 0.0605i

s _`k g jvag a{kl qed| yk ab b`dcp dp h`k
ear`h s �h q dbbkbbkb j wxjba�pdeg jy g dlk c ah` karkpijyxk

ω = 2.9085 − 1.7973 × 10−6i
� h`k

jmbdyxhk ijyxk bwxjekl du h`k wxjba�pdeg jy g dlk ab b`dcp s

_`k wxjba�pdeg jy g dlk jbbdoajhkl c ah` h`ab ekbdpjpok ab b`dcp s _`k g jvag a{kl qed| yk
ab raikp dp h`k ear`h � c ah` h`k jbbdoajhkl wxjba�pdeg jy g dlk b`dcp m kydc s _`k ekbdpjpok
uekwxkpon `jb b`auhkl hd

2.9085
c`ayk h`k lkojn ejhk `jb m kkp eklxokl hd

1.7973×10−6 s _`k
wxjyahn ujohde jbbdoajhkl c ah` h`ab ekbdpjpok ab

Q = 8.0914× 105 s�p hcd lag kpbadpb � ck ujok h`k odgqxhjhadpjy o`jyykprk du yjerk qedmykg ba{k s _d ekbdyik
j cjik � ah ab lkbaejmyk hd `jik jh ykjbh �~ hd �� qdaphb q ke cjikykprh` s _`k bhexohxek ck
jek bkkfapr ijeakb jh h`k bojyk du ��� hd ��~ h`k cjikykprh` s _drkh`ke � h`kbk ekwxaekg kphb
udeok xb hd odpbalke ydc uekwxkpon ekbdpjpokb �ekyjhaik hd h`k ldg jap ba{k� s _`k ldg jap
dp c`ao` h`k aplkv

ρ(x, y)
ab jyydckl hd ijen ab o`dbkp hd m k h`k bwxjek

[0, 2π]2
s �p h`k

hcd kvq keag kphb ck qekbkph � h`k ap ahajy labheamxhadp ab j odpbhjph
ρ(x, y) = 3

s �k ekwxaek
0 ≤ ρ(x, y) ≤ 5

s _cd wxjba�pdeg jy g dlkb jek ojyoxyjhkl ude h`ab g jhkeajy labheamxhadp � dpk
c ah` karkpijyxk

ω = 1.0245− 0.0824i
� jpl h`k dh`ke � c ah` karkpijyxk

ω = 1.2092− 0.0584i
s

� arxek � bxgg jea{kb h`k ekbxyh du h`k |ebh ~�� ojyoxyjhadp s _`k ykuh odyxgp b`dc b h`k
aplkv labheamxhadp

ρ(x, y)
jh ijeadxb bhjrkb du dqhag a{jhadp � c`ayk h`k ear`h odyxgp b`dc b h`k

jbbdoajhkl wxjba�pdeg jy g dlkb s _`k c`ahk qjehb dp h`k ykuh odyxgp jek du ijyxk � c`ayk h`k
myjof qjeh jek du ijyxk �s _`k wxjba�pdeg jy g dlkb `jik m kkp pdeg jya{kl bd h`jh h`kn jek
du h`k bjg k pdeg cah`ap h`k ~

π
�mn�~

π
ldg jap hd kgq`jba{k h`k yd ojya{jhadp kzkohb s � b ojp

m k bkkp uedg h`k |rxek � h`k yjerke h`k wxjyahn ujohde
Q
� h`k g dek yd ojya{kl h`k g dlk s _`k

|pjy karkpijyxk ab
ω = 1.4340− 0.0022

� b`dc apr h`jh h`k uekwxkpon `jb b`auhkl byar`hyn uedg
ahb ap ahajy ijyxk s � `jh ab g dek barpa|ojph ab h`jh h`k ag jrapjen qjeh `jb m kkp g jlk bg jyyke �
rai apr

Q = 321.95
s _`k wxjyahn ujohde du h`k apahajy � odpbhjph g klaxg cjb

Q = 6.2158
s

� kvh ck odpbalkekl h`k qedmykg du g jvag a{apr
Q

ude j byar`hyn `ar`ke uekwxkpon ekbd�
pjpok s � ah` h`k apahajy aplkv du bkh jh

ρ(x, y) = 3
� ck odpbalkekl j wxjba�pdeg jy g dlk c ah`

karkpijyxk
ω = 1.2092− 0.0584i

� jpl wxjyahn ujohde
Q = 20.71

s _`k ekbxyhb du dxe odgqxhj�
hadp ab bxgg jea{kl ap � arxek � s � abqyjnkl jrjap jek

ρ(x, y)
jpl |u(x, y)|2 jh ijeadxb bhjrkb

du g jvag a{jhadp s _`k g jvag a{kl ekbdpjpok `jb
Q = 2136.98

� odeekbq dplapr hd uekwxkpon
1.5211

jpl lkojn ejhk
0.0007

s �p m dh` ojbkb � h`k dqhag a{kl g klaj jek yjok�yafk bhexohxekb s
�k odp� kohxek h`jh `jl ck ldpk h`k odgqxhjhadp dp j |pke g kb` jpl g jvag a{kl j `ar`ke
uekwxkpon g dlk � h`k ekbxyhapr g klaxg cayy ekbkgmyk j q`dhdpao mjplrjq bhexohxek � q keadlao
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� arxek �
�
_`k odyxgp dp h`k ykuh labqyjnb h`k aplkv labheamxhadp

ρ(x, y)
h`edxr` h`k g jv�

ag a{jhadp bhkqb �myjof�� � c`ahk��� s _`k labheamxhadp ab ap ahajyyn bkh hd
ρ(x, y) = 3

s _`k
odyxgp dp h`k ear`h b`dc b h`k jmbdyxhk ijyxk bwxjekl du h`k wxjba�pdeg jy g dlk m kapr g jv�
ag a{kl s �dhk h`jh `ar`

Q
gdlk ab iken yd ojya{kl s _`k g dlk m kapr g jvag a{kl bhjehkl c ah`

ekbdpjpok uekwxkpon
1.0245

jpl lkojn ejhk
0.08241

s �uhke g jvag a{jhadp � h`k uekwxkpon ab
1.4340

� c`kekjb h`k lkojn ejhk `jb m kkp eklxokl hd
0.0022

� ekbxyhapr ap
Q = 321.15

s
�~
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� arxek �
�
�p h`ab kvjgqyk � ck g jvag a{k

Q
ude j byar`hyn `ar`ke uekwxkpon ekbdpjpok s _`k

odyxgp dp h`k ykuh labqyjnb h`k aplkv du labheamxhadp
ρ(x, y)

h`edxr` h`k g jvag a{jhadp bhkqb
�myjof�� � c`ahk��� s _`k labheamxhadp ab ap ahajyyn bkh hd

ρ(x, y) = 3
s _`k odyxgp dp h`k ear`h

b`dc b h`k jmbdyxhk ijyxk bwxjekl du h`k wxjba�pdeg jy g dlk m kapr g jvag a{kl s _`k g dlk
m kapr g jvag a{kl bhjehkl c ah` ekbdpjpok uekwxkpon

1.2092
jpl lkojn ejhk

0.0584
s � uhke

g jvag a{jhadp � h`k uekwxkpon ab
1.5211

� c`kekjb h`k lkojn ejhk `jb m kkp eklxokl hd
0.0007

�
ekbxyhapr ap

Q = 2136.98
s ��



gklaxg cah` j lkukoh s
�k pdhk h`jh j g klaxg g jn jlg ah gxyhaq yk �pdpyapkje� karkpijyxkb s �k `jik dmbkeikl

h`jh jb g jvag a{jhadp bhkqb jek hjfkp � h`k wxjba�pdeg jy g dlk h`jh ab m kapr udyydckl jb h`k
g klaxg o`jprkb g jn m kodg k dpk du hcd �de g dek� wxjba�pdeg jy g dlkb c ah` h`k ��� �
karkpijyxk s � `kp h`k qedokbb kpodxphkeb bxo` j q daph � ah ab pdh ojqjmyk du lkhkeg apapr
c`ao` wxjba�pdeg jy g dlk hd udyydc s �k qedialkl j �|v � ude bxo` j bahxjhadp ap h`k ojbk
du karkpijyxk g jvag a{jhadp }�� s �pudehxpjhkyn h`k ekg kln ldkb pdh cdef ude h`k qekbkph
bahxjhadp m kojxbk ck jek ojyoxyjhapr dpyn j bapryk wxjba�pdeg jy g dlk jh kjo` bhkq du h`k
ahkejhadp s �pk alkj g jn m k hd hjfk j bhkq h`jh ab ap h`k laekohadp du apoekjbapr

Q
mxh jh h`k

bjg k hag k � h`k ekbxyhapr wxjba�pdeg jy g dlk juhke xqljhapr h`k g klaxg b`dxyl pdh laz ke hdd
gxo` uedg h`k dpk ap h`k qekiadxb ahkejhadp s _`ab jllkl odgqyaojhadp ap h`k odgqxhjhadp
ab m kndpl h`k bodq k h`k qekbkph cdef s

� � ^�]\��^ZW
�k qekbkph j odgqxhjhadpjy g kh`dl ude lkbarpapr jp dqhaojy ekbdpjhde c`ao` `jb `ar` wxjy�
ahn ujohde �

Q
s �qhaojy ekbdpjpok ab jo`akikl mn oekjhapr j g klaxg cah` ijeajmyk aplkv du

ekuejohadp s _`k wxjyahn ujohde ab ojyoxyjhkl uedg h`k ekbdpjpok uekwxkpon jbbdoajhkl c ah`
j wxjba�pdeg jy g dlk s �k bhjeh c ah` j fpdcp bhexohxek jpl j wxjba�pdeg jy g dlk c`dbk
wxjyahn ujohde ck cdxyl yafk hd agqedik s �k lkiabk j odphapxjhadp g kh`dl c`ao` �udyydc b �
h`k qjehaoxyje wxjba�pdeg jy g dlk jb h`k g klaxg ab o`jprkl s �k hjfk bhkqb ap h`k rejlakph
laekohadp du

Q
cah` ekbq koh hd h`k g klaxg hd kpbxek h`jh

Q
ab apoekjbkl s

�dh` ��� jpl ~�� pxg keaojy ekbxyhb jek qedialkl s �p ��� dxe g kh`dl qedlxokb j g klaxg
c`ao` ekbkgmykb j q keadlao bhexohxek c ah` j lkukoh s �p ~�� ah qedlxokb yjok�yafk bhexohxekb s
�k ckek jmyk hd q keudeg ~�� odgqxhjhadpb dpyn ude ydc uekwxkpon ekbdpjpok m kojxbk du
h`k odgqxhjhadpjy ekbdxeok yag ahjhadp s �k jek odp|lkph h`jh iken k� oakph ~�� ekbdpjhdeb
ojp m k oekjhkl xbapr dxe g kh`dl s �h ab oykje h`jh ojyoxyjhadpb ap ��� � jpl h`dbk xbapr
ikohde 
 jvckyy kwxjhadp � c ayy ekwxaek kpdeg dxb odgqxhjhadpjy ekbdxeokb s _`ab ujoh q daphb
hd h`k pkkl ude g dek k� oakph cjnb du g dlkyapr h`k cjik q`kpdg kpj � c`ao` g jn m k jo`akikl
q ke`jqb h`edxr` h`k xbk du jbngqhdhaob }��� s � apjyyn� ck dmbkeikl h`jh

Q
ab yjerk c`kp h`k

wxjba�pdeg jy g dlk ab `ar`yn yd ojya{kl s _`ab bkkg b hd aplaojhk h`jh dpk g jn pdh pkkl hd
dqhag a{k

Q
h`edxr` ekbdpjpok ojyox yjhadp s �h g ar`h m k q dbbam yk h`jh ck ojp dmhjap rddl

lkbarpb mn arpdeapr h`k ejlajhadp m dxpljen odplahadp jpl �xbh bagqyn yddf ude j m dxplkl
g klaxg c`ao` bxqqdehb j `ar`yn yd ojya{kl karkpg dlk � jb ldpk ap }�� s

�]�WZ� ��[�� �WX�
_`k ekbkjeo` du �� ab bxqqdehkl ap qjeh mn h`k � jhadpjy �oakpok �dxpljhadp xplke jcjel
�
 ������ �� s �k jek rejhkuxy hd tedukbbde � ya �jmydpdiaho` c`d medxr`h h`k qedmykg
bhxlakl ap h`ab cdef hd h`k jxh`deb � jhhkphadp s

��� �W[^� � ���ZW�W]�� �ZY X�� U�� ���� �	\�X^ZW
�dpbalke h`k hag k�lkq kplkph ��� cjik kwxjhadp ude

U(x, t)

(1 + ρ(x)) Utt − Uxx = 0, x ∈ R.

��



_`k uxpohadp
ρ(x)

bjhabhakb
0 ≤ ρ ≤ ρ+

jpl ab {ked ude |x| ≥ L
s �k c ab` hd bhxln ekbdpjpokb

du h`ab bnbhkg s �k ojp qxh h`k qedmykg ap j |pahk ldg jap mn xbapr h`k ejlajhadp m dxpljen
odplahadp jh

x = ±L
Ut(±L, t)± Ux(±L, t) = 0.

_`ab ab m kojxbk ck `jik kvqyaoahyn jbbxg kl h`jh
ρ(x) = 0

ude |x| ≥ L
� jpl pd kpkern ojp

qedqjrjhk hdcjelb h`k dearap uedg |x| > L
s _d |pl ekbdpjpokb � ck odpbalke bdyxhadpb du h`k

hnq k
U(x, t) = u(x)e−iωt s _`kekudek �

u(x)
bjhab|kb

u′′ + ω2(1 + ρ(x))u = 0,
���j�

u′(−L) + iωu(−L) = 0,
���m �

u′(L)− iωu(L) = 0.
���o�

�k pdc bkkf karkpijyxkb
ω

bxo` h`jh h`k jm dik bnbhkg nakylb j pdpheai ajy bdyxhadp
u(x)

s _`k
karkpuxpohadpb

u(x)
jek h`k wxjba�pdeg jy g dlkb s � dhk h`jh h`ab ab j pdpyapkje karkpijyxk

qedmykg jb h`k lazkekphajy kwxjhadp jpl h`k m dxpljen odplahadpb lkq kpl dp
ω
s

_`kek jek bkikejy cjnb ck ojp bdyik h` ab karkpijyxk qedmykg s �k jldqh h`k |pahk kykg kph
g kh`dl }��� s � aebh � ck lkeaik h`k ckjf udegxyjhadp mn gxyhaq yn apr ���m � cah` jp bg ddh`
hkbh uxpohadp

v(x)
jpl aphkrejhapr mn qjehb hd dmhjap

v(L)u′(L)− v(−L)u′(−L)−
∫ L

−L

u′(x)v′(x)dx + ω2

∫ L

−L

(1 + ρ(x)) u(x)v(x)dx = 0.

�qqyn h`k m dxpljen odplahadpb ���o�� ���o� hd rkh

−iω [v(L)u(L) + v(−L)u(−L)]
�~��

−
∫ L

−L

u′(x)v′(x)dx + ω2

∫ L

−L

(1 + ρ(x)) u(x)v(x)dx = 0.

� kvh ck laboekha{k h`k qedmykg mn ekqekbkphapr h`k bdyxhadp jb j yapkje odgmapjhadp du
qakokc abk yapkje |pahk kykg kph mjbab

u(x) =
n

∑

j=1

ujφj(x).

�k xbk j ekrxyje g kb` ude odpikpakpok jb laboekha{k h`k aphkeijy
[−L, L]

aphd
(n − 1)

kwxjy
bxmaphkeijyb du ba{k

h = 2L/(n−1)
s �k yjm ky

x1 = −L
�
x2 = −L+h

� s s s �
xn = L

� jpl bojyk
φj(x)

bxo` h`jh h`kn hjfk dp h`k ijyxk du � jh h`kbk g kb` q daphb s � b xbxjy
φj(x) = 0

ude
x ≤ xj−1

jpl
x ≥ xj+1

s _`k odk� oakphb
uj

ekqekbkph h`k ijyxkb du
u(x)

jh h`k g kb` q daphb
xj

s
�xmbhahxhapr h`k jqqedvag jhadp ap �~ �� raikb xb

−iω[v(L)un + v(−L)u1]

−
n

∑

j=1

uj

∫ L

−L

v′(x)φ′
j(x)dx + ω2

n
∑

j=1

uj

∫ L

−L

(1 + ρ(x))v(x)φj(x)dx = 0.

��



�k o`ddbk h`k hkbh uxpohadp
v(x)

uedg h`k bkh du mjbab uxpohadpb
φj(x)

s _`kekudek ck jeeaik
jh

−iω[φk(L)un + φk(−L)u1]−
n

∑

j=1

uj

∫ L

−L

φ′
k(x)φ′

j(x)dx
�~ ��

+ω2
n

∑

j=1

uj

∫ L

−L

(1 + ρ(x))φk(x)φj(x)dx = 0,
ude

k = 1, 2, . . . , n.

�k|papr h`k g jbb g jheav
M

mn

Mjk =

∫ L

−L

(1 + ρ(x))φk(x)φj(x)dx,

h`k bhazpkbb g jheav
K

mn

Kjk =

∫ L

−L

φ′
k(x)φ′

j(x)dx,

jpl h`k ljgqapr g jheav mn

C = −
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_`kp �~~� ojp m k ceahhkp jb
(

ω2M + iωC −K
)

u = 0,
�~~�

c`ao` ab j wxjlejhao karkpijyxk qedmykg apidyiapr
n
�mn�

n
gjheaokb s _`ab qedmykg ab kjbayn

eklxokl hd h`k ujg ayaje rkpkejya{kl karkpijyxk qedmykg
[(

0 I
−K C

)

− iω

(

I 0
0 M

)] (

u
iωu

)

= 0.
�~��

� aikp
ρ(x)

� h` ab ojp m k kjbayn bdyikl mn kvabhapr karkpijyxk bdyikeb s
� kpdhk

Θ(ω) = ω2M + iωC −K.
�apok

Θ(ω)∗ = Θ(−ω̄)
� h`k labheamxhadp du h`k karkpijyxkb du

Θ(ω)
ap h`k odgqykv qyjpk

ab bnggkheao c ah` ekbq koh hd h`k ag jrapjen jv ab s _`ab ab jybd hexk ude h`k labheamxhadp du
karkpijyxkb ��� ap h`k g jbb�bqeapr bnbhkg s �u

u
ab j ear`h karkpikohde jbbdoajhkl c ah` h`k

karkpijyxk
ω
� h`kp

u
ab j ykuh karkpikohde jbbdoajhkl c ah` h`k karkpijyxk −ω̄

}��� s

����Y�W]��
}�� � s � s �rxayje � � s �`kp � � ar`�delke odeekohkl hejq k{daljy wxjlejhxek exykb ude uxpohadpb

c ah` j ydrjeah`g ao baprxyjeahn ap ~�� � ���� ��� � ��� � ��� 	�� 

 �~��~� � ��� �� ���� s

��



}~� � s � s �rxayje � � s �`kp � � `ar`�delke � ujbh jyrdeah`g ude bojhhkeapr ojyoxyjhadp ap hcd
lag kpbadpb � ���� ��� � ��� � ��� 	�� 
� �~��� � � �� ��s

}�� � s � kekprke � � q keukohyn g jho`kl yjnke ude h`k jmbdeqhadp du kykohedg jrpkhao cjikb � � �
���� ��� � ��� �� ��
 ����� � � ���~�� s

}� � � s � s �jeybhdpk � � jlajhadp ljgqapr ap h`k g ko`jpaojy dboayyjhde � � ��� � �� 	� � � ��� � � �	 ��
�
 ����~� � ����� s

}�� � s �dmbdp � � s �jphdbj � �qhag jy yd ojya{jhadp du karkpuxpohadpb ap jp ap`dg drkpkdxb
g klaxg � ���� � � ��� 	� � ��� �� �
 �~��� � � ��~���� s

}�� � s �prwxabh � � s 
 j�lj � �mbdemapr m dxpljen odplahadpb ude pxg keaojy bagxyjhadp du
cjikb � � ��� � ���� ���� � ������ � �~���� �s

}�� � s � ardhap � � s � ykap � �dojya{jhadp du yar`h ap ydbbykbb ap`dg drkpkdxb lakykoheaob � � � �� ��
��� � �� � � � �� ����� � ��~�� ���� s

}� � s � aidya � � s � kyyke � �vjoh pdp�ek�kohapr m dxpljen odplahadpb � � � ���� ��� � ��� �� ��

����� � ��~� ��~ s

}�� � s � ekkpmjxg � � ���� �	�� � ������ � �� �� 	�	�� � 	���� ������ �� ���
 � t`ayjlkyq`aj � ���� s
}��� ts � abydq � � s �arjy � �� �������	�� �� �� ����� 	 �� ���� �	�� ��� 		���	��� �� � ������	�� ��

�� �������� �qeaprke � � kc �def � ���� s
}��� � s �djppdqdxydb � � s 
 kjlk � � s � app � � ����� 	� ������ 	�� teapokhdp �paikebahn tekbb �

teapokhdp � ���� s
}�~� � s �d`pbdp � � s �djppdqdxydb � � ����� 	� ������ 	� � �� � ���� � ��� �� ���� �� � ����	���

�qeaprke � � kc �def � ~�� �s
}��� � s �dffdhjb � � s �o`g alh � �xjbapdeg jy g dlkb du bhjeb jpl myjof `dykb � � 	�	�� � ��	���

	� � �	��	�	�� � ������ � jeh s ~ s ���� ������ � !" !#$%&" !&� ' �(%$� %% )*+++), s
}�� � � s � s 
 jeadp � � s _ s _`dephdp � �	���	�� 	 -���� 	�� �� � ���	�	�� ��� ������ �� �h` kl �

�jxplkeb � �deh�deh` � _. ������
}��� � s 
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