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Abstract. STEIN and TAIBLESON gave a characterization for f € L,(IR™) to be in the spaces
Lip (a, Lp) and Zyg (a, L,,) in terms of their Poisson integrals. In this paper we extend their results
to Lipschitz-Orlicz spaces Lip(<p, L M) and Zygmund-Orlicz spaces Zyg(cp, LM) and to the general
function ¢ € P instead of the power function ¢(t) = t®. Such results describe the behavior of the
Laplace equation in terms of the smoothness property of differences of f in Orlicz spaces L (IR™).
More general spaces A*(y, X, q) are also considered.

1. Introduction

The Poisson integral can be used to express the solution of the Dirichlet problem
for the half-space IR:t"'l = {(z,y) : z € R", y > 0}: Let f € L,(IR™). Find a function
u(z,y) on R}+" which is the solution of the Laplace equation

%u " 8%y

Ay = — + —
2 3
Jy = 0z

=0 (zeR", y > 0),

whose boundary values on R™ are f(z). More precisely, if f € L,(IR"), then the
Poisson integral of f(z) is defined in ]R:ﬁ“ by

I

u@y) = f&)+Pley) = [ fla=2)Play)ds

i

f(2)P(z - z,y)dz=.
R"
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The Poisson integral of f(z) is the convolution of f(z) with the Poisson kernel P(z,y),
which is defined by

1 Yy
P(:Evy) = C_ , (nt1)/2 (IG]R", y > 0)>
n 2
(127 +2)

where ¢, = 7{"*1)/2/T((n + 1)/2) is chosen so that [, P(z,y)dz = 1 for each y > 0.
STEIN [19] and TAIBLESON [20] gave a characterization for f to be in the spaces
Lip(a, L) and Zyg(a, Lp) in terms of their Poissin integrals. Such results correlate
the smoothness properties of functions from L, with the behavior of the solution
of the Laplace equation. In their discussion they follow the earlier work of HARDY
and LITTLEWOOD on the periodic spaces Lip(a, LZ"), and of ZYGMUND [24] on 27-
periodic smooth functions Zyg({a, Lf,") (c.f. BUTZER-BERENS {3]). It should also be
mentioned that TAIBLESON’s paper [20] includes a discussion of the Laplace equation
as well as the heat equation to be in L,(IR")-spaces. There are many papers which
investigate Lip(a, Lp) in other directions, like Lorentz spaces Ly, instead of L,-spaces
or Lip(a,L,) for negative a or Aa,p,q)-spaces or A*(p, X, q)-spaces (see FLETT
(5], HERzZ [6], JANSON [7], JONES [8], PEETRE [16], STEIN [19], TAIBLESON [20] and
TRIEBEL [21], [22]). These papers contain the problems of the duality, the equivalent
norms and the interpolation spaces by the real and complex methods.

The purpose of this paper is to obtain the STEIN-TAIBLESON results for the Lipschitz-
Orlicz spaces Lip(i, Lp) and the Zygmund-Orlicz spaces Zyg(yp, La), with a general
functions ¢ instead of the power function (t) = t®. A very rough description of the
result would be that the derivative or the second derivative of a solution of the Laplace
equation has a particular property if and only if f has a very precise smoothness
property describable in terms of differences of f in the Orlicz spaces Lp(IR™).

The Orlicz space

Ly = Ly(R™) {f € Lo(R™) such that

In(Af) = [p. M(A|f(z)|)dz < oo for some X > 0}
is a Banach space with the Luxemburg-Nakano norm

Hfllae = inf{A >0 : In(f/A) <1},

where L°(IR™) denotes the space of all (equivalence classes of ) Lebesgue measurable
real functions on IR™ and M : [0,00) — [0,00) is a Young function, i.e., a convex
nondecreasing function vanishing at zero (not identically 0 or oo on (0, 00)) (see [9],
23], [17)).

Let P be the class of functions ¢ : [0,00) — [0, 00) which are continuous nondecreas-
ing and zero only at 0. For ¢ € P, let us consider the Lipschitz-Orlicz space:

Lip(p,Ly) = {f € Lu(IR™) such that

If(z + k) - (@)l < Co(lh]) for all |h| >0},
and the Zygmund-Orlicz space

Zyg(w,Lm) = {f € Lm(R") such that
Hf(z +h) + f(x — h) — 2f(z)||m < De(lh|) for all |h| >0}.



Aksoy/Maligranda, Lipschitz - Orlicz Spaces and the Laplace Equation 83

Both spaces Lip(y, Ly) and Zyg(p, L) are Banach spaces with the norms
D f(z +h) — f(@)||m

[1£llae + sup, i)
and f(z+h) + f(o - h) — 2 (@)
T z—h)—-2f{z)lm
il + 23, =) |

respectively. Clearly Lip(p, Lar) C Zyg(p, Lu).
We will need to put restrictions on the growth of the function ¢ € P. For ¢ € P we
can define the so called indices of ¢ (cf. [10], [12], [13]):

_ In s,(t) o Insy(t)
@ = tli»mo Int ’ Be = tlil{olo “Int
where (st)
(st
Sp(t) = sup —=.
o) = S0 o)

Obviously 0 < ap < B, for ¢ € P. For the power function ¢(t) = t* we have
oy = Py = a.

This paper is organized as follows. In Section 2 we characterize the functions from
the Lipschitz class Lip(yp, Lp) in terms of the derivatives of their Poisson integrals.
In Section 3 a similar characterization is given for the Zygmund class Zyg(p, Las). In
Section 4 we consider the more general spaces A*(p, X,q), k = 1, 2, and prove some
results about them. For example, for 0 < a, < B, <k, (k =1, 2), f € A¥(p, X,q) if
and only if the solution u of the Laplace equation satisfies

wgf;) P (0. %’) '

This section also contain some additional remarks.

*u(z,y)
oy*

2. The Lipschitz Condition

In the proof of the main theorem of this section we will need the following equivalence
property between indices and integrals of ¢ € P (the proof of these equivalences can
be found in [10], [12] or in [13], Th. 11.8):

Let ¢ € P, s,(t) < oo for every ¢ > 0, and 7 > 0. Then

t
(21) a, > 0 if and only if / %s)ds < Ap(t) for all t > 0,
0

and

B% for all ¢t > 0.

IA

o0
(22) By, < r if and only if /0 ;"prszds
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Theorem 2.1. Let f € Lyr(R™) and u(z,y) = [ f(z — 2) P(2,y) dz be its Pois-
son integral. If 0 < ay, < B, < 1, then the following are equivalent:

(i) f € Lip(p, Lu),
@ || Zuta)| < Cotisy sor iy >0,
Y M
(iii) lu(z,y) — f(@)p < Deply) for ally > 0.
Proof. (i) = (ii). Let f € Lip(p, Ly). Since

oP(z,y) _ 1 |al*—ny®
Oy T o (|z|2 + ya)(ﬂ+3)/2
- 1 L . (n+1)y?
T o (2|2 + yz)(n+1)/2 (=2 + yz)(n+3)/2

it follows that ap
/ @9) 40 = o0,
r: Oy

|3P((9-'Z,y)' < i min {lmrn—l’ y_n_l}
and
0P(z,y)| . Plz.y)
dy v
Then, since the integral defining the convolution converges absolutely, we can write
2uen) = [ 5P fle- 2

!

/ . %P(z,y) [f(z — 2) — f(z)]dz

and by the generalized Minkowski inequality (cf. [10], pp. 45 — 46)

IA

||| < [ |gPe)| i -0 @i, a

n

Byt /Msy (@ - 2) = £(2)|l d2

Cp

IA

+ . 2|~ Y| f(x = 2) — F(2)],, dz.

Cn Jizl>y

Next, set z = r£ € R™ with r = |z| and |{| = 1. Then, with
If(x —2) = f(@)llm = wmlz) = wm(rE)

and

00) = [ wwre)da(e),
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the inequality above becomes (because dz = d¢ r™~! dr)

]’ 9 v, y)“ [-n- / Q(r) r=1 dr + / Q(r)r‘zd'r].

The assumption that f € Lip(p, Lar) gives
) < Colr)a(S™) = 2en-100(r),

and by the assumption 3, < 1, in the equivalent form (2.2), we obtain

Yy oo
a2 s [P otrrtans [ otrra]
Y M Cn 0 v
< 2nCens [1 L) Bw(y)]
Cn n v Y
< Cl.(p(_y)

Proof. (ii) = (iii). For a.e. £ € R", it yields that

way) - flo) = [0

By the generalized Minkowski inequality and the assumption a, > 0, in the equivalent
form (2.1), we obtain

llu(z,9) - f@)lu < /0 %ﬁl @
< C
< CAso )

Proof. (iii) => (ii). First, note that
||| = m | Zuten) - st

Thus, using the fact that the convolution operator is bounded from L/ (IR™) x L; (R™)
into L (IR™) with norm less or equal than 1 (c¢f. Lemma 4.1), the above property of
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the Poisson kernel and the assumption 8, < 1, in the equivalent form (2.2), we obtain

IA

IA

IA

IA

<

<

F[u(x 0 -u@ 2|

(z,2%1 )—u(z,2’°y)]|\
— M
i 0

_ 2k 1 il P,2k_1 ‘
;_) (@) —u(z,2"y)] » 5 v) .
i a

- 2k. 1 H_____P ,2k—1 ’
kz: (@) = u( ”M ay (z v) .

n Y {I1f@) = u(z, 2 9], 11P(e,27 )], /(27 0)}

k=1

n Y [|f(@) - u(@, 27 [[,, /(2*7Y)

=1

30

m

nDZ (2¥1y) /(2k"1y) < 2nDi /2 ! o(s)s%ds

Proof. (ii) = (i). First, we prove the following lemma.

Lemma 2.2. Let f € Ly(R™) and u(z,y) = g f(z — 2) P(2,y) dz be its Poisson

integral. If O

(2.3)

<oy <P, <1, then for ally >0

< Co(y)/y

o)

if and only if for ally > 0 and for eachi=1,2, ..., n

(2.4)

ai"(m’ V|| < Co)/y.

M

The smallest C in (2.3) is comparable to the smallest C' in (2.4).

Proof of Lemma 2.2. First we prove that if y;, y2 > 0, then

(2.5)

and
(2.6)

82

By

Since

w(z,y1 +y2) = "(z’?ﬁ)*P(mvyl)
Ou oP .
(9 (.’E y1+y2) = 3y($,yz)*‘5?i(m,y1), 7"‘1’ 21 sy T

/ P(z,y1 +y2)Pdz < Coyr P (p > 1)
m"l
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for all y» > 0, it follows that the Poisson kernel P(xz,y; + y2) has the Poisson integral
in IR"™ x (y1,00)

P(x,yl +y2) = /l-ft P(s,yl)P(s - Z,yz)ds = P(mvyl) *P($,y2).

Then

uw(z,y1 +y2) = f(x)* P(z, 1 +92) = /]Rn f(@) P(x — 2,11 + y2) dz

[ 1@ [ PP z-smdsds
R" R~

/ f(z)/ P(z ~t,y1) P(t — 2,y2) dt dz
R" R*

/ { f(z)P(t—z,yz)dZ}P(m—t,m)dt
n m"
- / ult,y2) P(z — t, 1) dt,

mﬂ

that is, u(z,y1 + y2) = u(z, y2) * P(z,y1), and the equality (2.5) is proved.
For fixed y; > 0, we have, according to the equality (2.5),

w(z, 1 +y) = u(z,y)* P(z,11).

Differentiating we obtain
0 0
a—yu(z’ y+ ?/1) = a_yu(za y) * P(Z, ?/1) 3
which can be expressed as
0 Ju 0
sl u+m) = Fen) «Pew) = [ Fulamn) Pa- 2.

Therefore P’y 5
e (T +y) = au( ,yl) (z‘—z,yz)dz

= g (z,y2) * c")P(x y1),

and also the equality (2.6) is proved. Taking y; = y; = y/2 in the equality (2.6), we
obtain
Fu 2 2
s (1) = Ge@/2) % 5o (zu/2),

and so (cf. Lemma 4.1)

o ], < Seom] [,
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Now, if (2.3) holds, then

gﬁ(z,y/z)H < 209(y/2/y < 200)/y.
Y M

For the Poisson kernel we have

0P(z,y) _ 1 _ —(n+lazy Ci=1,2 .., 7,
dz; en (jzf2 +y2) "
and so oP 1 P
(z.y)| o ntl (z,9) =1,2 .., 7,
Oz; 2 Yy
which means that
oP ‘ P(:c,y/2)H 1
—(z,y/2 < (n+1) || < (n4+1)-.
g, @YD) S (A== S (b L)y

Substituting these estimates into (2.5) we obtain

2
somule)|| < 20+ Dt

(2.8)

On the other hand, using the fact that the convolution operator is bounded from
Ly (R™) x Li(R") into Lp(IR"™) with the norm less or equal to 1 (cf. Lemma 4.1)
and the above property of the Poisson kernel, we obtain

‘ ’ 9P(z,y)
M

f@) « 2N < i@, |2

a.'l:.,‘ M a.’lli

n+1 1 n+1 1

B S PEIL @ = 5 @

o]
51:—1.11,(.’1,‘, y)

1

IN

which implies that Eg—u(w, y) — 0 as y — oo. Therefore
i

0 ® §%u
a—:E,LU(x’y) = _L ayaxi(mas)ds

/]
2C(n+1) /m s"%p(s)ds

< 2BC(n+1)p(y)/y-

Conversely, if (2.5) holds, then in the same way as before we obtain

8%u
329,‘2

and, by (2.8), (2.2),

ds
M

z,5)

IA

8%u (
6y6m¢

Jezzwe,

IA

A

< C3so(y)/y21 1= 1, 2, ..., m.

M
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Since u is harmonic, that is,

62
77y Z o U@Y)
we therefore have 2
~u(z,y) l < Cso(y)/v?,
oy? M /

and a similar integration argument then shows that

ou

% < Caey)/y-

89

Proof. (ii) = (i). Assume that f € Ly and that the condition (2.3) holds. For

h € R™ and 0 < y < |h| we have

U(CL' + ha y) - ’U;(.’E, y)

s Oz

+ /’” Ou{z1 + hi,z2 + 22,23, ...y T, |h])
0 622

_ /”" dulz, s) ds + /hl Qu(zy + 21, 22,23, - Tn, |h]) dz
v 0

dzy + ...

+ /h" ou(xy + hy, 22 + ha,z3 + ha, ..., Tn + 2n, |h]) d
0

Ozn

Y du(z + h, s)
+ /Ihl s ds,

and so

Bu (=, s) ds

(e + hyg) - u(z, y)ll,, < /y
+ Z’:’/O-

éz(z, Ihl)“Mdzi.

Using the assumption (2.3), Lemma 2.2 and property (2.1), the last expression becomes

less or equal to

v =1

ICR

which is less or equal to

Cso(|hl)-

Now, since u(z,y) — f(z) for almost all z € R™ when y — 0%, we obtain (by the

Fatou Lemma) that f € Lip(yp, La). This completes the proof of the theorem.

O
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Corollary 2.3. If 0 < a, < B, €1, then Lip(p,Ly) = Zyg(p, Lum).
Proof It is enough to prove the imbedding Zyg(yp,Ly) C Lip(p,Lay). Let
f € Zyg(yp, Lp). Then for u(z,y) = f(z) * P(x,y) we have

| G fe=2ds

Il

e}
égu(zsy)
1 opP
= 5 [ @ lie+ )+ f@-2 - 2@,
R~ OY
and, by the generalized Minkowiski inequality (cf. [10] ),
1 oP
< 5 [ |Gen|iser )+ i@ -2 - 2@ ds
M 2 R" 6’y

1 P
50 [ |G| etiana:,

and by using the estimates from the proof of Theorem 2.1, we obtain

e

IA

‘ < Coylo(y) forall y > 0,
M

which, according to Theorem 2.1, gives f € Lip(p, Lu)-

0
_a_yu(x’y)

Remark 2.4. Theorem 2.1 in the case of L(IR")-space (1 < p < o) and with

(t) = t*, where 0 < a < 1, was proved by STEIN ([19], Prop. 7, 7’) and by TAIBLESON
([20], Th. 4).

Remark 2.5. Using the fact that
1 . _ —n—
Pey)l < — {min {y™, ylo|7"7" }},
n
we can prove for f € Lip(p, L), in a similar way as in the proof of Theorem 2.1, that

lu(e9) = @l < [ 11Fo = 2) = f@)lag|P(a,9)] da

Ly / 1f(z = 2) — F(@)ll, dz
z|<y

Cn

IA

b T 2 - @l ds
n Jlz|>y

y o
2nCcn_1 |:y._n / (p("') T'n,-l dr + y/ ﬁp(’!‘) T_2 dT] .
0 y

Cn

3. The Zygmund Condition

The next result is the case of Zygmund condition in Orlicz spaces which gives the
Zygmund- Orlicz spaces Zyg(yp, Lyr). ZYGMUND [23] introduced spaces of smooth
functions Zyg(1, L,).
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Theorem 3.1. Let f € Ly (R") und u(z,y) = [g. f(x — 2) P(2,y) dz be its Pois-
son integral. If 0 < oy, < By < 2, then f € Zyg(p, Lar) if and only if

(3.1)

62
@u(w,y)n < Co(y)/y* for all y > 0.
M

Proof (Necessity). Assume that f € Zyg(p, Ln). Since

0°P(z,y) _ n+1 y(ny® —3jzf’)

I

ay* en  (Jzf® + y2)(nt9)/2
_ n+1[ (n+3)y® B 3y
en Ll +92)™ D (af +g2)mr0r2

it follows that 82p
/ TP@,Y) 4y = o,
mﬂ

Oy?
d?P(z,y) (n+1)(n+2) , —n=2  _p_2
< . n
oy? = n { min {l:vl | Y }} ,
and
FP@y)|  (+D0+) oy
ST e (el

< (n+1)(n+2)y 2 P(z,y).

Then we can write

2 2
L) = [ G fla-n)ds

= 3 [ SR+ -2 -2 @) ds.

Using the generalized Minkovski inequality we obtain

l@2 l/ P
M

IA

T e )| I+ 2)+ £z =)= 2@l da

1+ )(m+2) .,
2’ Cn y

IN

x / f@+2) + Fz = 2) - 2 (@)|]y dz
|2j<y

+ 1 (n+1)(n+2)y
2 Cn

x / 7" |f (e + 2) + F( — 2) — 2 (@)[dz
|z|>y

Next set z = r£ € R", with r = |2| and || = 1. Then, with
|f(z+2) + flz —2) = 2f(2)llpy = wm(2) = wnm(rf)
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and
0 = [ wulreydo(o),

the inequality above becomes (because dz = d¢ r™~! dr)

82 1 (n+1)(n+2) —n—2 Y n—1
"a‘y—ﬂ(%y) y < Rae— /0 Qr)r"dr

+ y/oo Q(r)yr— dr} .
v

The assumption f € Zyg(p, Ly) gives
Ur) < Dyp(r)a(S™Y) = 2ca—1Dp(r)

and, by the assumption 8, < 2, in the equivalent form (2.2), we obtain

62 Yy o0
lgzven|| < ol [famemrar vy [ o]
Y M 0 Y
y oo
< Cq [y’"‘2/ Qryrm? dr+/ (r)r3 d’f‘]
0 v
< Cey2e(y).

Proof (Suficiency). First we prove the following lemma.

Lemma 3.2. Let f € Ly(R") und u(z,y) = [R. f(x — 2)P(2,y) dz be its Poisson
integral. If 0 < a, < By < 2, then the following conditions are equivalent:

(a)

62
5—21&(96,1/)“ < Co(y)/y? for ally >0,
Y M

62

(b) l ayoz; =——(z,9) H <Dy 2p(y) forally>0andeachi=1,2, .., n
4 M

(¢ <Ey%p(y) forally >0 and each i, j=1,2, .., n

0ziazj 4 M

Proof. (a) = (b). Differentiating equality (2.5) we obtain
3Bu & oP
3y25 ( ay+y1) = a 2($ y)* (IE yl)

Then, by arguing in a similar way as in the proof of Lemma 2.2, we find that

3 2
%(I’y) N = g 7+ (=, y/2)* (a: y/2) “
2
< g, 2
< Cy?oly) 2“3/‘ = Coy~3 rp(y).

n
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On the other hand,

0P
l 52/810, ,y)” - Hf(il:) * ayaxi(way)HM
0*P
<
- ”f(x)”M llayazz (w,y) . 3
and the equality
82P (z,y) = (n+1)(n+2) ‘ zi(y? — mz)
6y6x Y Cn (le2 + y2)(n+5)/2
gives
o’P i
3y, (z,9)] € (n+1)(n+2)|z:|y~2P(z,y),
and so

82
50, @%?f)“M < (n+ D+ 2) oy~ 1Pl @)

= Coy?|If(2)lly

which, in its turn, implies that

8*u
m(x,y) - 0 as y — oo.
Therefore
*u © §u
W(%y) == W(x,s)ds
which, by the assumption and equivalence (2.2), gives
®l &u
s, = [ amateo],

IA

o0
Co / s73¢(s)ds < CoBy2p(y)
Y

forally>0andi=1,2,...,n

(b) => (c). The proof is similar to the proof of (a) = (b) but here the equality

G (z,y+m) = u ) * aP +—(z,41)
axj ayawi yriy) = ayazz T,y i, 51
is essential.

(c) = (a). The proof is the same as that of Lemma 2.2,

93
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Proof of Theorem 3.1 (Sufficiency). Assume that f € Ljs and the condition (3.1)
holds. Let h € R™ and 0 < y < |h|. Integrating by parts we find that

0%u

LI 0%u
J s [Gpte o) + Gate—hs) 2 e as
—Ihl[— +h|h|)+—( lAl) — 2 Sz, h)
= a T —n, ay 27,'
au 6%
[ (.T+h ay(m_hyy) -2 a(x’y)]
_/""[""_“.(Hh )+ P —hy) —2 2 >]d
, 6:[/ Y 6’!/ 'Y 6y T,y S

= In) [%c # ) + oz = b b)) ~2 %(m,lhl)]

-y [Z—Z(w +h,y) + %(w —hyy) -2 g—Z(m,y)]
— {u(z + h, k) + w(z — h, [k]) = 2u(z, |R|)]

U(.’L‘ + h’a y) + u(a: - h7 y) - 2’“(13,?])
and so,

w(z + h,y) + u(z — h,y) — 2u(z,y)
u(z + h, |h]) +u(z — h, |h]) - 2u(z, |h|)

+y[gy(x+h,y) gy( —h,y) - :(:v,y)]

- 1| S+ nlh) + Fia —h,lhl)—zgﬂ(z,uhn]

Al T 52y %y
+ /y 8[5?(1'4"1,3)4'6—?]2'((1)—’!,,3)— 62(2) S)]dé‘
= hL+L-I3+14

Thus, by the generalized Minkowski inequality and the assumption a, > 0 in the
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equivalent form (2.1),

/Ihl
y

Bl

4C/ s~ p(s)ds
¥

< 4CAp(lh)).

Similarly, as in the sufficiency part of the proof of Theorem 1.1 (by using the gener-
alized Minkowski inequality, Lemma 3.2 and the assumption o, > 0 in the equivalent
form (2.1)), we find that

o%u 62 2
62(x+h s)+5y—g(z—h,s)—2 gTZ(m,s) ds

M

124l 5

IA

IA

ou Ju ou Oou
Holly < ¥ —(w+h,y) - %(w,y)HMM“b—?I(x—h,y) - a—(w,y).l
Ihi n il g2y
< 4y/y 62(2 3) ds+2;y/0 3907 — (=, ]h])” dz;
< Cue(|h)).

Similarly,
13]) 5 < Crap(JR).

For the estimate of I; we first prove that for any real function % on IR™ of class C?
and any h € IR" we have

u(a:+h)+u(a:—h,)—2u(a:)
(3.2)
;;/ (1 -1t 6 6 ———(z +th) h; h; dt.

In fact, by the chain rule Zu(z +th) = 31, 2% (z + th)hs, we can integrate both
sides from 0 to 1, and then integrate by parts to obtain

u(z + h) — u(z)
Z/ ——(m+th ) hidt
Z[(t—l)——(z+th)h

1-zn:/01(t—1) (m+th)hhdt]

i=1 0 g=1
_ ; )b +§;/_(1-a o a Tt thy oy de.
Similarly,
u(z — h) — u(z)

1

~ Du -~ 0%u
_ zz:aa:,(l')hz'f'ZZ/ (l"t)m(w“th)hihjdt.
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If we add the above identities we obtain (3.2).
Now using the identity (3.2) we have for our expression ([3)

I u(z + h, |h|) + u(z — h,|h|) — 2u(z, |h])

0%u
Z Z/ —1#) m;(m+th,|h|)h,- h; dt .

z—-l_?l-

Thus, by the generalized Minkowski inequality and Lemma 3.2, it yields
(ally < IIU(m + h,[h]) + u(z — h, |h]) - 2u(z, [])||)

< 3% [ o= || e
z—-l =1
< BEY Y [ @ oinh Il
i=1 j=1 Y7~
< nEy(|h)).

Putting the above estimates togheter we obtain

llu(z + h, y) + u(z — h,y) — 2u(z,Y)lly < Cizp(|hl)
for any 0 < y < |h|. Now, since u(z,y) — f(z) for almost all z € R™ when y — 0%,
we obtain {(by Fatou Lemma) that f € Zyg(y, Ly ). This completes the proof. 0O

Remark 3.3. Theorem 3.1 in the case of L,(IR")-space (1 < p < oo0) and with

p(t) = t*, where 0 < a < 2, was proved by STEIN ([19], Prop. 8, 8) and TAIBLESON
([20], Th. 4).

Remark 3.4. For ¢ € P we have always the imbedding

Lip(p, Lm) C Zyg(e, L)

but Corollary 2.3 states that if 0 < a, < 8, < 1, then Lip(p,Ly) = Zyg(p, Ly).
Already ZYGMUND (23] (cf. [19], p. 148-149) observed that the space Lip(1l, L) is
strictly smaller than the space Zyg(l,L). More examples of functions giving the
strict inclusions

Lip(1,Ly) C Zyg(1,Ly) and  Zyg(2,Ly) C Zyg(1, Ly)
can be found in [19}, p. 161 and [20], pp. 470-474.

Remark 3.5. In the definition of the space Lip(p, L3s) we have the inequality
If(z+h) = f(@)llpy < Co(lh]) for all |h|>0.
Tt is enough to have such an inequality only for small |h|, i.e.,
Lip(p,Ly) = {f € Ly(IR™) such that
Hf(z+h) — f(@)ly = O(p(|R)) as || — 0} .



Aksoy/Maligranda, Lipschitz~ Orlicz Spaces and the Laplace Equation 97

Similarly
Zyg(p, L) = {f € Lu(IR™) such that
If(z + ) + f(z = h) = 2f(z)|ly; = O(p(lh])) as |} — 0} .

This observation suggests the possibility of considering the closed subspaces (analogues
to the spaces lip(1, L,) and zyg(1, L) considered by ZYGMUND [24]):

lip(p,Ly) = {f € Lyu(IR™) such that
HF(x +h) = f(@)ly = ole(lh]) as |h| — 0} .
and
2yg(p, L) = {f € Ly(IR™) such that
|If(x +h) + fz = h) = 2f(2)ll5y = o(p(|R])) as |h|— 0} .

4. Some generalizations and additional remarks

In the proof of Lemma 2.2 we used the following result, in the case when X is the
Orlicz space Ly (R"):

Lemma 4.1. Let X = X(IR"™) be a Banach function space with the Fatou property.
Then the convolution operator (f * g) = [g~ f(z — 2) 9(2) dz is a bounded operator
from X(R"™) x Li(IR") into X = X(IR™) and

Hf*allx < Wflxllglly -

Proof. For any h € X' with ||h||x, £ 1 we have, by the Fubini and Hélder
inequalities, that

[ uen@na@ias < [ [ 120 d|as
= [ [ 1= ama) ds] 1g da
< [ Ufllx il oGl dz
< Ufle gl

and, by the Fatou property of the norm,
f*gllx = [If *gllx~

= sup{ [ 1 +9)@) h(@)ldrsuch that he X', hll < 1} < 1l Nl
:m"

a
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Note that O’NEIL [15] proved the lemma above for the Orlicz spaces L (IR™) instead
of X(IR™) but with the constant 2 in the estimate of the norms.

Remark 4.2. Using Lemma 4.1 we can prove Theorems 2.1 and 3.1 not only for the
Orlicz spaces Ly = Ly (IR™) but even for general Banach function spaces X = X(IR")
with the Fatou property.

We consider now more general spaces A¥(yp, X,q) which contain the Lip(p, X)-
spaces, Zyg(p, X )-spaces, the Stein-Taibleson A(a, p, ¢)-spaces and the Herz A(a, X, ¢)-
spaces.

Let p € P, 1 < g < o and let X = X(IR") be a Banach function space with the
Fatou property. The spaces A*(¢, X, q), k = 1, 2, are the spaces of all f € X(IR") for

which Ve
_ ki@l " dn
I!;,X,q(f) = {/( i) X lh|n < 00,
m"

with Al f(z) = f(z + h) - f(z), A2 f(z) = f(z+h) + f(z — k) — 2f(z), and with the

norm
‘|f“Ak(¢,x,q) = [|fllx + Ig,x,q(f) .
Note that A (‘pa Ly, OO) = L’Lp((p) LM) and Az(‘/” Ly, 00) = Zyg(cp, LM)

Theorem 4.3. (a) The spaces A¥(p, X,q) are Banach spaces.

2(b) A p, X,q) C A%(p,X,q), and if 0 < a, < B, < 1, then A'(p,X,q) =
A%(p, X, q).

(c) Let f € X(R™) and let u be its Poisson integral. If 0 < a, < B, < k, then

f € A¥(p, X, q) if and only if
) X q 1/q
/ Yy @ < oo, k=1 2.
) o) x| ¥
Proof (a) If (f,) is a Cauchy sequence in A¥(yp, X,q), then (f,) is obviously a
Cauchy sequence in X, and therefore it converges in X to a function f. Hence

ki@l — ||ARf @)«

as n — oo, and therefore , by Fatou’s Lemma,

F*u(z,y)
Oy*

If x,o(f) < liminfncolf, x,o(fn) < liminfpos[lfallye < o0,
so that f SN Further, form=1,2, ..,
||A fale) = Abfm(@)||x — ||AKf(z) = Ak fm(@)||
as m — oo, whence, again by Fatou’s Lemma,
W= fm”A"‘-’(lp,X,q) < liminfn—wO[Hf'n - fmllx + Ig,x,q(fn - fm)]

= liminfpco ||fn = fmllpak(p,x,q) -
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Since the expression on the right-hand side is arbitrarily small for all sufficiently large
m, it follows that f,, — f in A¥(p, X, q), so A¥(yp, X, q) is complete.

(b) The proof is the same as the proof of Corollary 2.3. We can also prove the
statement by using the following equality

n—1

Anf(z) = 27" Bgun flz) = D 274 A% fz +2°h).
k=0

(c¢) Similarly, as in the proof of Th. 2.1 and Th. 3.2, for f € A¥(yp, X,q) and for
k=1, 2, we have that

y 00
<Cly™F [ QEr)yrmtd Qryr=kt dr],
<ol [ameta e [Tawr
o) = [ wxr9)do© = [ 1f@=r0) - f@)lx dote).
By the Hardy inequalities proved in [11] it yields that
00 q 1/q 00 /e
v dy , ﬂ(r)]"gz
{/{w(y) x] y} =¢ {/[w(r) T}
0 0
and, by the Holder inquality,
1/
Qr) < o(S"HVY { /5 __ wx(rg)f da(&)} q
/ ©[ g |lotuzy)| |"av)"”
o Pl 9y x| v
wX("'g 1/‘1
{/ -1/ [ o(r) ] (E)}

= C”{/,. [”f(SC —;()l;-')f(a:)nxrlf_ﬁ}l/q‘

In the same way as in Theorems 2.1 and 3.1, we can prove the reverse inequalities
by first proving the results similar to Lemmas 2.2 and 3.2.

*u(z,y)
Oy

where

*u(z,y)
oy*

so that we obtain

IA

Remark 4.4. In STEIN [19] there are misprints in Proposition 7 and Lemma 4"
conditions (61) and (62) should have y!~* instead of y*~1.
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Remark 4.5. Considering the modulus of continuity w; (¢, f)x and the modulus of
smoothness ws(t, f)x of the function f € X(IR™), that is,

we(t, fx = sup ||AKf(z)||y,, k=1,2,
0<|h|<t

we can easily prove (cf. TAIBLESON [20]) that

l/q

Ao, X,q) = { f € X(R™ - { / w(wk(t,f>x/<p<t>)th/t} < oo

These are the generalized Besov-Nikolskii spaces (cf. [14]). The more general spaces
A¥(B, X) were investigated by CALDERON [4] and BRUDNYI-SHALASHOV [2].

We conclude this paper remarking that results about the convolution operator and
the pointwise multiplication for Lipschitz-Orlicz A(p, M, q)- spaces (which will contain
the theorems proved in [6] and [20]) is possilble to prove by using our Theorem 4.3
(c) and the appropriate results proved by O’NEIL [15] (see also [13] and [17]) for the
convolution operator and the pointwise multiplication in Orlicz spaces.
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