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1) If x, y ∈ (X, d) and d(x, y) < ε for all ε > 0, prove that x = y

�

2) If x, y ∈ Rn, prove that:

a) ‖ x+ y ‖≤‖ x ‖ + ‖ y ‖ (the triangle inequality)

b) ‖ x+ y ‖2 + ‖ x− y ‖2= 2(‖ x ‖2 + ‖ y ‖2) (the parallelogram law)
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3)

a) Show that the function

d(x, y) =

{
0 if x = y

1 if x 6= y

is a metric on any non-empty set X. (This is called the discrete metric on X.)

b) Show that the function d(x, y) = |x1 − y1|+ |x2 − y2| defines a metric on R2.
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4)

a) Let a ∈ (X, d). Prove that if xn = a for every n ∈ N, then xn converges. What does
it converge to?

b) Let R is given with discrete metric. Prove that xn → a as n → ∞ if and only if
xn = a for large n.
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5)
Let (X, d) be a metric space. Suppose ρ is defined by

ρ(x, y) =
d(x, y)

1 + d(x, y)
·

Show that ρ is also a metric on X. (Note that the new metric ρ is bounded because
ρ(x, y) < 1 for all x, y ∈ X.)
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a) Show that every convergent sequence in a metric space (X, d) is a Cauchy sequence.

b) Give an example of a metric space(X, d) and a Cauchy sequence {xn} ⊆ X such that
{xn} does not converge in X.
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7) The open ball B(x; r) in a metric space (X, d) is defined by

B(x; r) := {y ∈ X : d(x, y) < r}.

B(x; r) is called the unit ball if r = 1. Draw the unit balls in R2 centered at (0, 0) in R2

with respect to the metrics

(a) d1(x, y) =
√

(x1 − y1)2 + (x2 − y2)2

(b) d2(x, y) = |x1 − y1|+ |x2 − y2|

(c) d3(x, y) = max(|x1 − y1|, |x2 − y2|).
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8)

a) Show that B(x; r) in a Euclidean space is convex.

(Recall that a set X is convex if x1, x2 ∈ X implies that αx1 + (1 − α)x2 ∈ Xwhere
0 ≤ α ≤ 1).

b) In a metric space (X, d), given a ball B(x0; r), show that for any x ∈ B(x0; r),
B(x; s) ⊆ B(x0; r) for all 0 < s ≤ r − d(x, x0).

c) Describe a closed ball, open ball, and sphere with center x0 and radius r in a metric
space with the discrete metric.
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9)

a) Let (X, d) be a metric space. Show for all x, y, z, w ∈ X we have∣∣∣d(x, z)− d(z, y)
∣∣∣ ≤ d(x, y) and

∣∣∣d(x, y)− d(z, w)
∣∣∣ ≤ d(x, z) + d(y, w).

b) Let (X, d) be a metric space. Show that if {xn} and {yn} are Cauchy sequences of
X, then {d(xn, yn)} is a Cauchy sequence in R .
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