
Math 138/332 Real Analysis II
HW 2 - Due February 15, 11

1. Show that the inner product in a Hilbert space is jointly continuous. That is if xn → x
and yn → y, then (xn, yn)→ (x, y) as n→∞.

�

2. Let f ∈ `2, define

|||f ||| = ||f ||2 + ||f ||∞ = (
∞∑

n=1

|f(n)|2)1/2 + max|f(n)|.

Show that (`2, |||.|||) is not an inner product space.

�

3. If a = {ak} belongs to `p for some p <∞, then show that

limp→∞||a||p = ||a||∞

where ||a||p = (
∑

k

|ak|p)1/p for 0 < p <∞; ||a||∞ = supk|ak|.

Hint: Since |ak| → 0, there is a largest |ak| say |ak0| such that ||a||∞ = |ak0 |.

�

4. Consider Lp(X) where (X,µ) is a measure space and p ∈ (1,∞). Let q ∈ (1,∞) be the
conjugate of p. We say a sequence (fn) in Lp(X) converges weakly to an element f in
Lp(X) if

limn→∞

∫
X

fng dµ =

∫
X

fg dµ

for every g ∈ Lq(X). Show that if a sequence (fn) ∈ Lp converges to an element of f ∈ Lp

in the norm of Lp, then (fn) ∈ Lp converges weakly to f .
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5. Suppose f is a measurable function on Rn

a) Show that f is essentially bounded on Rn if and only if ||f ||∞ <∞

b) Show that |f | ≤ ||f ||∞

c) If ||f ||∞ < ∞, then show that f is essentially bounded and ||f ||∞ is an essential
bound for f .

Hint for part b): When ||f ||∞ <∞, for every k ∈ N there exists an essential bound Mk of
f such that Mk < ||f ||∞ + 1/k, furthermore

{x : |f(x)| > ||f ||∞} =
⋃
k∈N

{x : |f(x)| > ||f ||∞ + 1/k}

�

6. (Hölder’s inequality for p = 1 and q = ∞) Suppose f and g are two measurable
functions such that |f |, |g| <∞ a.e.x

a) Excepting the case that one of ||f ||1 and ||g||∞ is equal to 0 and the other is equal to
∞ show that

||fg||1 ≤ ||f ||1||g||∞

b) When ||f ||1, ||g||∞ <∞, show that the equality in the above inequality holds if and
only if

|g| = ||g||∞ a.e. on {x : f(x) 6= 0}
�

7. Let X be a measure space with m(X) = 1.

a) If f and g are in L1(X) are two positive functions satisfying f(x) ·g(x) ≥ 1 for almost
all x, show that ( ∫

fdx
)( ∫

gdx
)
≥ 1

b) If f, g ∈ L2(X) with

∫
f dx = 0, show that

( ∫
f · g dx

)2 ≤ [ ∫ g2 dx− (

∫
g dx)2

]
·
∫
f 2 dx

Hint: Both parts a) and b) require Hölder’s inequality. For part b) set α =

∫
g dx and

observe |
∫
f · g dx| = |

∫
(f · g − α · f) dx|
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